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Abstract  

The e l ec t rmagne t i c  f i e l d  of an o s c i l l a t i n g  magnetic d ipole  

i s  calculated,  assuming tha t  t h e  d ipole  i s  immersed i n  a cold, 

s t r e m i n g  plasma. 

assumed known, i s  taken t o  be s u f f i c i e n t l y  weak t h a t  t h e  l i n e -  

a r ized  cold plasma equations may be used t o  descr ibe t h e  response 

of t h e  plasma. 

The amplitude of t h e  magnetic d ipole  moment, 

The r e s u l t i n g  f i e l d  of t h e  djpole  i s  r a t h e r  d i f f e r e n t  from 

the  f i e l d  t h a t  would r e s u l t  i f  t h e  plasma were not streaming. 

I n  p a r t i c u l a r ,  a longi tudinal  e l e c t r o s t a t i c  field 'appears as a 

consequence of t h e  plasma's motion. The far f i e l d  of t h e  dipole  

i s  such t h a t  the  poynting vector i s  not purely r a d i a l ,  but  i s  

t i l t e d  aga ic s t  t h e  d i r ec t ion  of the  zeroth-order glasma flow. 

An outvard flow of mechanical energy i s  associated with 

t h e  e l e c t r o s t z t i c  f i e l d .  However, t he  mechanical ecergy flow i s  

negl ig ib le  fo r  stremiing v e l o c i t i e s  s n a l l  compared with t h e  ve loc i ty  

of l i g h t .  

ca lcu la ted .  This force  vanishes when the  d ipole  axis i s  p a x ~ l l e l -  

to t he  strearring d i rec t ioa ,  as does the  3 ongi tudinal  e l e c t r i c  f i e l d .  

The force  p-ecessary t o  hold the  dipole  i n  p l m e  i s  a l s o  
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1 Introduct ion 

E lec t rmagne t i c  f i e l d s  produced by given time-varying 

cur ren t  and charge d i s t r ibu t ions  i n  f r e e  space have been t h e  

. s u b j e c t s  of marly calculat ions,  almost from t h e  beginning of 

electromagnetic theory.  

complicated by the  f a c t  t ha t  t h e  f i e l d s  may be in t e rac t ing  

with a plasma or ionized gas. 

i n  var ious approximations i n  recent  years for given d i s t r i b u t i o n s  

of charge and current  i n  the preseiice of a plasma [see ,  for 

exwiple, Cohen (1961, 62) 1 ,  But many gaps remain i n  our 

q u a l i t a t i v e  understanding of the f i e l d s  t o  be expected i n  

p a r t i c u l a r  types of plasma s i t u a t i o n s ,  

Many problems of' cur ren t  i n t e r e s t  a r e  

Several problems have been solved 

I n  p a r t i c u l a r ,  e f f ec t s  associated i r i th  p l a s m  strecming --- 

have been invest igated r e l a t i v e l y  l i t t l e .  

which have been done have, to a. considerzble exten%, been con- 

ce rce i  v i t h  plasnas which, t o  lowest order,  are assuned t o  be 

s t a t iona ry .  

e f f e c t s  of plasma s t r e m i n g  can be & a b e d  by seekip* spec i f i c  

solvable pro5lems concerned v i t h  r ad ie t ion  in to .  streaming 

plastrias . 

The ca l cu la t ions  

It i s  t o  be expected t h a t  soze in s igh t  i n t o  the  

It i s  the  purpose of t h i s  paper t o  study the e f f e c t  of 

a cold, st;s.eming p l a s m  on t h e  e l e c t r i c  and roaggetlc f i e l d s  of 

an o s c i l l a t i c g  magnetic point d ipole  The plasma i s  unboumded 
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and it streams across  t h e  dipole i n  an  a r b i t r a r y  d i r e c t i o n  with 

respec t  t o  t h e  d ipo le ' s  o r ien ta t ion .  We assume t h a t  t h e  f i e l d s  

of t h e  d ipole  are su f f i c i en t ly  weak t h a t  they impart only a 

s m a l l  per turba t ion  t o  t h e  streaming motion of t h e  plasma. We 

also assume t h a t  t h e  physical dimensions of t he  d ipole  a r e  so 

s m a l l  t h a t  it does not  mechanically obs t ruc t  t h e  plasma flow; 

i.e., we i d e a l i z e  the  dipole as a po in t .  

Lee and Papas (1965) have considered a similar problem 

for t he  o s c i l l a t i n g  e l e c t r i c  d ipole .  

g r a l  representa t ion  f o r  the p o t e n t i a l  four-vector i n  t h e  r e s t  

f rane  of t h e  dipole,  they use t h e  transformation p rope r t i e s  of 

Af te r  obtaj-ning an  in t e -  

t h e  plasma's d i e l e c t r i c  constant 

Green' s function. For streanling v e l o c i t i e s  small conp&red w i t h  

t he  ve loc l ty  of l i g h t ,  th-ey conclude t h a t  t h e  far zone e lec t ro-  

magnetic f i e l d  i s  not en t iye ly  t ransverse .  A s  a r e s u l t ,  they 

show t h a t  t he  Poyni;ir_g vector associated with t h e  o s c i l l a t i n g  

t o  ca l cu la t e  t he  appropriate  

e l e c t r i c  dipole  i s  t i l t e d  againsi; t he  d i r e c t i o n  of plasma flow. 

We f ind  qua l i t a t ive ly  s h i l a r  r e s u l t s  f o r  t h e  o s c i l l a t i n g  

magnetic dipole  , although our r e s u l t s  d i f f e r  considerably i n  

d e t a i l .  Moreover, we approach t h e  problem from a d i f f e r e n t  po in t -  

of-viev. Our fonnalisn i s  based o n a  s e t  of l i nea r i zed ,  covariant,  

cold p l a s m  equ-ations wherein we t r e a t  the  niagnetic d ipole  as a 

small, external. cur ren t  "source" i n  the  sense proposed 

-. 
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( for  example) by Cohen (1961). 

by a miniature cur ren t  loop which weakly per turbs  t h e  streaming 

plasma. 

loop at  w i l l .  The physical reason f o r  t h e  d i f fe rence  Setween 

our r e s u l t s  and those of Lee and Papas i s  t h a t  t h e i r  e l e c t r i c  

d ipole  possesses, i n  e f fec t ,  an  o s c i l l a t i n g  source charge 

densi ty ,  xhereas our  magnetic dipole  i s  a pure divergenceless 

That is, we represent  t h e  d ipole  

We assume t h a t  we may prescr ibe  t h e  cur ren t  i n  the  

cur ren t  source. 
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2. The Magnetic Dipole 

2.1 Statement of t he  Problem 

A cold, co l l i s ion le s s  plasma streams across  a c i r c u l a r  

loop of o s c i l l a t i n g  current  (figure 1). 

t h e  I"1oi.r vector  v 

t r a r y .  

which i s  mafTected by t h e  plasma. 

a rea  of %he cur ren t  loop t o  become vanishingly snall and its 

current  t o  becoxe i n f i n i t e l y  large i n  such a m y  t h a t  ire recover 

a point magnetic dipole .  

The currerk source generates d is tmbances  i n  the  plesrna . 

The o r i en ta t ion  of 
-i 

r e l a t i v e  t o  t h e  plane 02 t he  loop i s  a r h i -  
0 

We %rea t  t he  loap as an  external ly-f ixed cu-rre-nt source 

Later, we s h a l l  al low t h e  

However, we assume that the dource i s  s u f f i c i e n t l y  -zed< axd 

t h a t  t h e  di.stur'oznces a r e  s u f f i c i e n t l y  sml l  t h a t  l ineazized 

ccld p l a s m  equations are zpplica'ole. We seek a n a l y t i c a l  

expressioss  f o r  t he  e l e c t r i c  and maznetic f i e l d s  of t he  o s c i l -  

l a t i n g  cur ren t  loop i n  t h e  presence of a s t reaning p l a s m .  

--- 

-. 



2.2 Solution i n  Wave-Vector, Frequency Space when 
4 

j source (2, w> = o II 

The f i e l d s  i n  t h e  plasma a r e  governed by t h e  cold plasma 

equations : ( 2  1 

Maxwell Equation s 

4TT 4 

v x = - [ ( c  e .n .v .1  + 3 s 3 ' i  1 1 1  

v ii = 4n [ C  i eini + P S I  

Equation of Continuity - -- 

8, 4 i 
c_ +- v . ( n . v . )  = O a t  1 1  

Equation of Motion - 

2 )  Gaussian u n i t s  are used thi-out;hout t h i s  paper s ince we t r e a t  

t h e  plasna "mrcroscopica.~ly" and m- i t e  Maxsell's equations i n  

terms of t he  fundmental  f i s l d s .  1.:oreo-rer, ;iluch of the r e l e -  

vant plasma literature i s  wr i t ten  i n  Gaussian units. 

-. 
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In  t h e  equations above, j and p a r e  t h e  ex te rna l ly - in t rduced  

"source" cur ren t  and "source" charge dens i t i e s ,  respect ively;  

n 

t h e  i t h  species  of charge, and y 

S S 

3 

and v.  are the  number densi ty  and ve loc i ty ,  respect ively,  of 

i 

i 1 

i s  t h e  r e l a t i v i s t i c  f ac to r  

The equation of corkinuity and Maxwell's equations are covariant .  

The equation of motion i s  not covariant,  although it i s  cor rec t  

up t o  terms of 0 (vi / c  ), and can be derived from the  covariant 

equation of moti.olz by neglecting fou r th  order t e r n s  i n  - i 

We have neglected a pressure term i n  the  equation of motion, 

a s s u n i n s  t h e t  t he  plasma t;herma.l v e l o c i t i e s  a r e  s m a l l  enoidgh 

t o  be neg l ig ib l e .  

4 4  
V 

c .  

We nay l i n e a r i z e  equatiocs (1) by s e t t i n g  E = -3 E (1) , 
(l) and v" = 3 v + v 3 (l), where noi i s  

ni = n ~ i  + i i 0 i 
- -+ (1) B = B  

t h e  equilibrium Ember densi ty  of t he  i t h  plasma component 

(measured i.r? t he  system with ve loc i ty  v" ) and.; i s  
0 0 

t h e  unperturbed streaming ve loc i ty  common t o  a l l  components. 

The superscr ip t  (1) s i g n i f i e s  a f irst  order perturbs-tion. 

assume t h a t  t he re  a r e  no 

We 

zeroth-order e1ectri .c o r  magnetic 

*. 
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f i e l d s  i n  

i.e. t h a t  
-3 

Cinoieivo 

t h e  streaming plasma. We a l so  assume t h a t  C.n e = 0, 

there  i s  no zeroth-order charge density,  and t h a t  

= 0, i .e .  t h a t  there  i s  no zeroth-order 'current  dens i ty .  

1 Oi i 

A f t e r  Fourier analysis ofthe per turba t ion  quan t i t i e s  i n  

space and time, t he  l inear ized Maxrreil equations may be cornbined 

t o  y i e ld  t h e  m v e  equation 

where t h e  Four.ier transfarm af the  electric f idd,  fcr example, is given by 

Similarly,  t he  Fourier transforrned equation of coa'iifiuity and 
-3 

(1) i n  terns and v i equation of motion may be solved fo r  n i 



of 2 (I). me r e s u l t  i s  

8 

-++  

"0 -___ - 
- 4  

(g:-k.v 0 ) 

[I% will genei-ally be obvioils from the  con'iex'i whe'iher the 

argune:its of t h e  per turbat ion var iab les  are(x,-L) ,Or 

I n  der iving (3a) m d  (3b) 

term i n  t h e  equation of motion a&. have e l h i o a t e d  B 

using ( la ) .  

-+ (cJ u)1 - (1) V 

C 
I:? have re ta ined  t h e  2 x B 

3 (1) by 

The r e s u l t  of subs t i t i i t in4  (3a) z.nd (3b) i-.l (2 )  is 
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We w i s h  t o  solve equation (4) f o r  E (2, w ) ;  we ou t l ine  

below a procedure for accomplishin4 t h e  so lu t ion .  

1) Resolve (4) i n t c  components which a r e  t ransverse  (1) 
3 

and parallel ( 11 ) t o  t h e  wave vector  k.  One of these  components 
_I_ 

4 3 
w i l l  contain only js . The other  will contain only j 

I 

w i l l  t w n  out t o  be zero f o r  t h e  rmgnetic d ipole .  

(1) i n  t e r n s  of II 3 )  Solve the  p a r a l l e l  corqoaent f o r  E 

4 

4) Solve sbu l t aneous iy  f o r  v . and E,, and then 0 

solve the  t rznsverse  component for -’ E (1) . 
I 

3 

The results f o r  j = 0 a r e  
II 
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2.3 The Current Transform j (<, w )  fo r  source . 
I 

t h e  Magnetic Dipole 

In order t o  evaluate (5) and (6) f o r  t h e  o s c i l l a t i n g  

magnetic dipole,  we requi re  an  e x p l i c i t  expression f o r  t'ne Fourier  

transform of t h e  cur ren t  loop. 

and 1 P t  t he  axis of t h e  loop l i e  alovs t h e  z a x i s  of an (r,'p, z ) 

coordinate system ( f igu re  1). 

curren t  dens i ty  i s  

L e t  t h e  r ad ius  of the  loop be a 
0 

For a loop cur ren t  J cos w t, t h e  
0 0 

where 0; i s  t h e  ex terna l  (cofistant) d r iv ing  frequency. The 

Fourier  transform of t h i s  expression i s  

0 

4 

there g o  i s  1loh1~2l t o  t h e  p lme  of the cur ren t  loop with =?ag-.li'iv.de 

a - 0  0 

J a 2 = c o n s t m t  
0 0  

l'he currext  t rensfoxc  (7) f o r  t h e  magnetic di.pole i s  purely 

casvespse  t o  t h e  T E V ~  vector %. 
4 

L 

--- 
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2.4 The Elec t r i c  Field Flhen I - << 1 
C 

Equations (5) and (6) give the  t ransverse  and longi tudina l  
3 

components of t h e  e l e c t r i c  f i e l d  i n  (k, w ) space. 

t h e  inverse transforms of these equaticns specify t h e  e l e z t r i c  

f i e l d  vector  i n  (x, t ) space, 

t h a t  t he  k integration i s  d i f f i c u l t  due t o  the fPctor  

I n  pr inci .ple  

3 

I n  pi-actice, hoGever, we f ind  
4 

i 2 
- --- 

i n  t h e  denoxicators . 
f r ac t ions  circumefi ts  t h i s  d i f f i c u l t y  f o r  small si;reao.ing 

Separa,thg the  denornimtors i n t o  p a r t i a l  

v e l o c i t i e s  [ 2 <cl] . kt 
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(81 
where N,N,F and Q are unknovn coefficients. It can be shorn 

t h a t  if we disregard all terms of order [>] *ad above, the 
coefficients P and Q in (8) vartish and we have 



But (6) and t h e  "d is tor t icn"  term i n  ( 5 )  a r e  a l ready at l e a s t  of 

order . Therefore, if ire again disregard terms of order 
v 
0 [>I2 ,',, f i n d  t h a t  

dw .r 
-+-+ 

i ( k . x  - ut)-;. 
J w e  
SI 

i Pi 

--t 

t h e  current; traxsfoml and removing the  k operators from t h e  

integrand. (k -+ - i . V ) ,  \.re may vri-Le (10) and (11) as 
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V 

-t 

-f 

'C 
0 - i -. 

*I: 

The t ransverse  e l e c t r i c  f i e l d  i s  und.istorted for szall strezztnk 

ve loc i t i e s ;  one would obtairL t h e  s a w  expression for an o s c i l k t i n g  

magnetic dipole  i n  a stationary p1asr.a. 03 t h e  other  hand, t h e  --- 
l ong i tud inz l  e l e c t r i c  f i e l d  i s  ne\, . 
t o  t h e  pLasmf s s t r e m i n g  ve loc i ty  v 

It i s  d i r e c t l y  proportionzl 
-+ 

and appears desp i t e  'k le 
0 



f a c t  t h a t  t h e  source current i s  purely t ransverse ,  
4 

We m y  now perform t h e  k and w in tegra t ions ,  using complex 

contour in t eg ra t ion  and t h e  res idue theorem i n  evaluating t h e  

i n t e g r a l  over &. However, s ince the  poles  of t he  irkegrand 

l i e  on t h e  r e a l  axis ,  t h e  k' i n t eg ra l ,  as it stands, 

i s  not  wel l  defined. 

ways : 

waves be present  i n  the  r e su l t ;  or, 

We can remove the  axbigui ty  i n  one of two 

(i) the  requirement can be imposed tha+, only ou.tgoi_n_g 

(ii) a small c o l l i s i o n a l  
3 

dampipg tern1 -vivi (l) ciln be ad-ded t o  the 

of (lf),i.rhere v. i s  the (assumed constant)  

fo r  t h e  it.h specles .  We choose the  l a t t e r  

1 

r i g h t  hand s ide  

c o l l i s i o n  frequency 

procedu-re , Which 

we use makes l i t t l e  dj.ffereoce, s ince we a r e  restricti-; 

ourselves t o  the case where , o? >>a l l  v so t h a t  t he  

c o l l i s i o n  frequencies do not appezr i n  the  e-vrentual zlisvers , 

The r e s u l t s  of t h e  k" and w in tegrs t ions ,  f o r  

0 P i  . i' 
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The expressions above are indepcr,d.ent of any spec i f i c  se t  

of s p c t i a l  coordinetes,  

i n  f igu re  2 .  

l i e  now choose t h e  c o o r d l m t e  coyf Iguretior! 

 et the  y axis of 8x1 (xyz) Cartesian system point  
-i 

i n  t he  d i r ec t ion  of the stremizlg ve loc i ty  v - t h e  xz plane i s  
0’ 

noriiid t o  the d i rec t ion  of flow. 

o r i g i n  of t h e  coordinate system and let the plasna strezm p a s t .  

The polar angle 8 measured fro!n the  z axis ,  and t h e  az-butha1 

Lye p lace  the d ipole  a t  the  

my 



angle ym, measured from the x axis ,  def ine  t h e  angular or ien ta-  

t i o n  

t h e  pos i t i on  of an  observer r e l a t i v e  t o  the  o r ig in .  

of t h e  p a r m e t e r s  and coordinates defined above, t h e  components 

of t h e  t ransverse e l e c t r i c  f i e l d  a r e .  

of t he  dipole .  The spher ica l  coordinates (r, 8 , c p )  specify 

I n  terms 

a c o s ( a r - w o t )  sin 
2 - - [v) sin em s in  ( y Y m )  r r 

-. 
'le 

The cozpccents of the lor?g i i ;ud i .~~l .  e l e c t r i c  f i e l d  a r e  

-. 
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r 
0 
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[ s i n e  COST cos9 - cos8 s i n e  COS? 3 
m m m 

a. sin(zr-;c; t) 
0 + 

2 3 r r 

s in?  C G S S  
m 

ti sin(ai--w t )  

2 
- O t- 

r r 



44 I :ol 2.5 The Magnetic Field B(x,t) when - c< 1 
C 

We use the  Maxwell equation 

(1) 
t o  f ind  t h e  magnetic f i e l d  i n  the  plasma; the re  i s  no 

4 

magnetic f i e l d  associated with E,, (l), which i s  der ivable  f r o 3  

an e l e c t r o s t a t i c  po ten t i a l .  The r e s u l t  i s  

* -  

cos (z r - s  t) 

3 
O'-I} 

a s i n  ( a - 0  t )  
2 r 

O +  
r 

L 

z 2 cos(ar-U t )  a sin(ar-m t) cos(ar -w t )  
0 - -  0 0 - - -  

3 r r - r 2 

a. cos(ai'-;o t) a sin(er-ru t) 
0 - -  0 

r 2 m n- c' r 
R = - y o s i n e  sin(?-? ) 

'4 

3 r 
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3. In t e rp re t a t ion  of t h e  Solut ion 

3.1 F i e l d  Distor t ion:  The Longitudinal E l e c t r i c  F ie ld  

Equations (16) through (18) spec i fy  t h e  e l e c t r i c  and 

magnetic f i e l d s  which an o s c i l l a t i n g  magnetic dipole  induces 

i n  a s t r emi -ng  plasma. The equations hold f o r  a r b i t r a r y  

o r i en ta t ions  of with respect  t o  G' subject  t o  t h e  r e s t r i c -  

t i o n  t h a t  - c c 1. 
0 0' v 

C 
0 

Some observations are i n  order .  F i r s t  [and t h i s  i s  per-  

haps t h e  rr'ost i r l t e res t ing  r e s u l t  ]> it i s  appwrent t h a t  m 

o s c i l l a t i n g  m a s e t i c  dipole, i n  t h e  presence of  a s t r e m h g  

plasma, exc i t e s  a longi tudinal  e l e c t r i c  f i e l d  which vanishes 

when = 0 .  The longi tudinal  normal modes a r e  coupled by the  

streaming with the  t ransverse electromagnetic modes. Both 

0 

f i e l d s  o s c i l l a t e  at th2 &riving frequency of  t h e  e m r e n t  source .  

Second, it i s  c lear  t h a t  f o r  - < c 1 t h e  t r m s v e r s e  e i s z t r i c  

and magnetic f i e l d s  h r e  essen t i a l ly  m d i s t o r t e d  by t h e  str?ax?.ng 

plasma. Yathematically, t h i s  r e s u l t s  from the  fact that j (2,a) 

f o r  t h e  magnetic dipole  i s  p u r d y  t r m s v e r s e .  For t h e  e l e c t r i c  

V 

C 

0 

-+ 

S 

dipole,  cn the  other hand, 3 (!?,a) has both a perpendicular m d  - S 

a para l le l .  component. From t h e  general  e q r e s s i o n s  corr?spondi.ng 

-. 
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t o  ( 5 )  a rd  (6) 

e l e c t r i c  f i e l d  w i l l  sus ta in  an order - 

j i s  non-zero. In  f a c t ,  i f  Fie use a current  t rmsform appro- 

p r i a t e  t o  t h e  o s c i l l a t i n g  e l e c t r i c  dipole,  we cay recover t h e  

f i e l d s  of Lee and Papas with t h e  present  formalism, provided 

we use Lee and Papas' expression f o r  8 as a function of 

[Bergeson, 19673, we f i n d  t h a t  t h e  t ransverse 
V 

C 
d i  s t o r  t i on wh en 3 

and 

[e, = ym = 50" i n  (16) 
--+ . Final ly ,  we note t h a t  f o r  Go I\ v 

0 

through (Is)], t he re  i s  no longi tudina l  e l e c t r i c  f i e l d  associ-  

a t ed  w i t h  t h e  o s c i l l a t i n g  rtlagnetic dipole;  a? SI, only e x i s t s  

when p 

veloc i ty  . 
-+ 

has a noE-zero component perpendicular t o  t h e  s t r e m i n g  
0 

0 

3.2 Power Flow: The Skewed P o p t i n g  Vector 

1 A t  g rea t  d i s t m c e s  frcm t h e  dipole,  only the  order -- r 
terms i n  the e l e c t r i c  and magnetic f i e l d  equations are s ign i f i ca3 t .  

Fle f i n d  t h a t  the existence - -  o r  perhaps we should say t h e  sur- 

v iva l  -- of  a longi tudfnal  e l e c t r i c  f i e l d  component a t  l a r z e  r 

skews t h e  Poynting vector,  

-. 
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away from t h e  radial  or ien ta t ion  t h a t  it would have i n  a pure ly  

transverse electromagnetic f i e l d .  Using (16), (lr/), and (18) 
4 

fo r  I v [em = 0" i n  (16) through (IS)], we ca l cu la t e  
0 0 

s = o  e 

4 

The r a d i a l  component of S i s  t h e  s m e  as i t  i s  i n  z atstionarjr  

plasma; t h e  azimuthal cokponent of  S i s  dependent on v 

po in t s  i r ?  t'ne "upstream" d i rec t ion  (figure 3).  .Lee afid Pasas 

f i n d  a similzr r s s u l t  f o r  the e l e c t r i c  dipole, i . e .  t h a t  t h e  

Poynting vector  i s  t i l t e d  against  t h e  d i r2c t ion  of zeroth-ords 

--I -4 

ayd 
0 
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plasma flow. 

of 2 x $ r a t h e r  than 3 X 5. B y  using 3, we include only f i e l d  

[However, they define t h e i r  Poynting vec tor  i n  terms 

energy flow i n  our P o p t i n g  f lux ,  r a t h e r  than include some parti-  

c l e  k i n e t i c  energy as i s  done i n  t h e  "dispersive medium" point-  

of view.] 

3.3 Conservation of Energy: Mechanical Fhergy Transmission 

It can be  shown from (1) t h a t  a genera l iza t ion  of 

Poynting's theorem - -  applicable t o  a cold (streaming) plasma -- 

i s  

2 where 3' i s  t h e  Poynting vector, u = 7% (E2 -t R ) i s  t h e  elec-  

tromagnetic energy dens i ty  and 7 
densi ty .  [ F i e l d  (1956) gives a genera l iza t ion  o f  Poynting's 

theorem f o r  a hot  (non-streaming) plasma.] 

time de r iva t ive  o f  t h e  energy densj.ty i n  t h i s  equation; f o r  

s inusoida l  o s c i l l a t i o n s ,  i t s  time average i s  zero. 

i s  t h e  ex te rna l  source cur ren t  
S 

We w i l l  neg lec t  t h e  

-. 
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Equation (20) suggests t h e  p o s s i b i l i t y  t h a t  mechanical 

energy transmission may be  assoc ia ted  with t h e  long i tud ina l  

e l e c t r i c  f i e l d .  I n  order t o  examine t h i s  idea,  we enclose t h e  

d ipo le  within a sphere of radius  r and form t h e  volume i n t e g r a l  

of (20) -- without t h e  energy dens i ty  t e rn .  

theorem f o r  t h e  i n t e g r a l  on t h e  l e f t ,  we f i n d  t h a t  

Using t h e  divergence 

A 1 -, 4 8 da n [s' t C i (- 2 n.m.v 1 1 i  2, v. ]  1 = - l, d3x (s . js), (21) 

A 
where nda i s  an outwardly d i rec ted  element of sur face  a rea  and 

t h e  vo1uv.e i n t e g r a l  on t h e  r i g h t  i s  t h e  ex terna l  p o w n ~  input  

-+ -+ (1) of t h e  source cur ren t .  

a n d n  = n  

n (')(;,t) by using t h e  r e s u l t s  of sec t ion  2. 

We l i n e a r i z e  (21) by s e t t i n g  v' = v o i  + v i 

t n  ('I; w e  may ca l cu la t e  both qi(') (2, t )  and i i i 0 

-+ -3 

For p I v i 0 - 0 ,  
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1 
r where w e  have r e t a ined  only those terms of order  (-) i n  dis tance.  

When we l i n e a r i z e  t h e  mechanical power p a r t  o f  (21) and use  (22) 

and (23) for t h e  f i r s t  order per turba t ions ,  we f i n d  t h a t  only 

t h r e e  t e r n s  survive the  surface in t eg ra t ion  and z r e  Ron-vanishing 

as r becomes i n f i n i t e l y  large.  Two of these  terms a r e  of order  4 V 
0 

C 

and mzy be neglected.  However, t h e  thi .rd t e r m ,  

2 
V 

0 i s  of order  - . As a re su l t ,  t h e  time-averagod mechan.ica1 

power flow away from t h e  dipole  i s  
C 

-. 



Therefore, i n  pr inc ip le ,  there  i s  an outward flow of  mechanical 

encrg j  when the  d ipole  o s c i l l a t e s  i n  t h e  presence of a s t reaning  

plasma, although t h e  energy t r a n s f e r  i s  neg l ig ib l e  i n  t h e  l i m i t  

of small streaming ve loc i t ies .  

only through terms of order (vo/c), (24) i s  of no use  i n  ve r i -  

S ince - the  Poynting f l u x  i s  accurate  

fying t h e  conservation laws. 

We cornpare the  outward f l u x  of mechznical e n e r a  with the  

outward f l u x  of electroniagnetic energy, as given by the f i r s t  

term i n  (21). The time-averaged electromagnetic power output 

i s  

da Sr 

v 

C 
0 f o r  s m a l l  - , regardless of whether t he  plasm i s  streaTing or 

s ta t ionary .  

t i o n  on the  r i g h t  nand s ide  of (21), with the  f i e l d  

It car  b e  shoxn t h a t  perfomirig the  volune integra-  

of (16), 

a l s o  gjves (25) fo r  the poxer input .  The addi t iona l  f l u x  or" 

mechanical power, as  given by (24), i s  of orde? (vo 2 2  / c  ) 

and i s  thus negl ig ib le .  

-. 
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3.4 Conservation of blomentum: The Mechanical Force 
on t h e  Dipole 

The strea-ning plasma e x e r t s  a mechanical fo rce  on t h e  

. d ipo le  -- a fo rce  which tends t o  push t h e  d ipole  "downstream", 

i n  t h e  d i r ec t ion  of flow. L e t  T be  t h e  Maxwell s t r e s s  tensor :  
c, 

We may ca l cu la t e  t h e  fo rce  wllic'n a c t s  on t h e  d ipd -e  by enclos- 

i n g  it again v i t h i n  a spherical  boundary surface and evalua- 

t i n g  t h e  integral # A  - T ~7.2. c, 
Using the .  complete f i e l d  

coqonents  (16), ( l7) ,  and (is), we f i n d  t h a t  f o r  I v -4 
0 0 

- 6c4 J c  (26) .J 

n where t h e  u n i t  vector J points  i n  t h e  d i r ec t ion  o f  flow. 

-. 
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, 

a? The expression above i s  equal t o  t h e  time average of - d t  ' 
-+ 

where P i s  t h e  mechzqical momentui of t h e  p a r t i c l e s  [and t h e  

dipole] p lus  t h e  electromagnetic ntomentum of t h e  f i e l d s  within 

t h e  volume of t h e  sphere. Spec i f ica l ly ,  

-b = 1 ( 2 x S ) d x .  3 
' f ield rrc v . 

But t h e  time average o f  t he  time der iva t ive  of  P" field i s  zero. 

Moreover, (26) i s  independent of r,  t h e  rad ius  of t h e  sphere. 

I n  t h e  l i m i t  as r -+ 0, t h e  sphere encloses only t h e  dipole  

a t  the  o r ig in ;  it no longer contains any p a r t i c l e s  of  plasma. 

'. 
0 

Hence, we nay i n t e r p r e t  (26) as the  e f f ec t ive  mechanical force 

which the  streaming plasma exer t s  on the  d ipole .  The force  i s  

para l le l .  t o  t he  d i r ec t ion  of flow ( f igu re  b ) ,  and it vaQishes 
1 

-+ 
when e i t h e r  v = 0 o r  [ f apfJ 2 i s  zero. h equ-al and 

opposi te  fo rce  musf, be supplied ex terna l ly  t o  keep t h e  dS.pole 

0 

-+ 
i n  p lace .  For p a r z l l e l  t o  v the  force  on t h e  di-pole 

vanishes.  The niechaiical work per second necessery t o  drag the  

0 0' 

4 

dj-pole >ii th ve loc i ty  v through a q-diescent p lasxa  i s  given by 
0 



d o t t i n g  (26) with . T h i s  y i e l d s  (24), t h e  time-averaged 
0 

mechanical power flow aijay from a s t a t iona ry  dipole  i n  it s t rean-  

i n g  plasma. 

There i s  a l so  a "downstream" force  on an o s c i l l a t i n g  

e l e c t r i c  dipole  immersed i n  a streaming plasma. However, i n  t he  

case of t h e  e l e c t r i c  dipole, t h e  fo rce  does not vanish when t h e  

dipole  ax is  i s  p a r a l l e l  t o  t he  d i rec t ion  of t he  zeroth-order 

plasma flow. 

- 
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. 
Figure Captions 

Figure 1. Circular  loop of source cur ren t  immersed i n  a 

streaming plasma. The zeroth-order plasma flow 

vector  i s  . The u n i t  vectors  $ e and $ 
form a Cartesian t r i a d  with $ normal t o  t h e  

p l a r e  of t he  loop; r and (3 a r e  t h e  corresponding 

polar  coordinates. Tne radius  of t h e  loop i s  a . 

A 

0 x' Y z 

z 

0 

Figure 2. Coordiriate configuration for t h e  e l e c t r i c  arid 

magnetic f ie lds .  The Cartesian cocrdir,at,e sys- 

t e m  ( x y z )  i s  fix2d i n  space with i t s  y axis 

d i rec ted  alofig v t h e  xz plane i s  nor:nal t o  

t h e  direction of p1as:m f l o v .  

represents  t h e  rnas2stl.c P.onient of t'ne I ; o i n t  

dipole, w?!ich i s  placed a t  the o r i g i n  of ( x y z ) .  

The polar  &@,e 3 

specify t h e  c?sJlar orier?.tat.ion of  go, tr'nile 

t h e  s?hsrieal coor&ir:a+,es r, 9, i ?d  7 d?fine 

-9 

4 
0' 

Thz vector +o 

arc3 t 5 e  szimut 'ml  ",r,gle ?m 
-, m 

t h e  posi',ior! 05 EL? observer .  
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angle I-, which s p e c i f i e s  t h e  degree of skew, o r  tilt, 

of S 

by the  expression 

-4 

away from the i~,2:.e,x di rec t ion ,  i s  defined 

Figure 4. Contours of constant E 2 and E,: ( r ad ia t ion  f i e l d s ) .  

c a l l y  represents  a contour of c o n s t s a t  L -2 , idlere 

The dipole i s  perpmdicular  to t h e  zeroth-order 

p l a s m  flow, as i n  f igJre  3. The e l l i g s e  sch-?ms%i- 

121 i s  t h e  mag l tude  of t h e  t o t a l  e l e c t r i c  f i e l d .  

The lexriscate schexat ica l ly  t r a c e s  a contour o f  

constant E,, 2 n  . Ihe contours I.ie i r ,  t l l n  "eqm.torial" 
(xy) p l m e  o f  tifie dipole .  

which the  p l a s x  ex-c-rts on t h e  d ipol f  i s  

The t i ne -mzrage  force 
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